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We introdue the onept of distillability sudden death, i.e., free entangled states an evolve into
non-distillable (bound entangled or separable) states in nite time under loal noise. We desribe
the phenomenon through a spei model of loal dephasing noise and ompare the behavior of
states in terms of the Bures delity. Then we propose a few methods to avoid distillability sudden
death of states under (general) loal dephasing noise, so that free entangled states an be robust
against deoherene. Moreover, we nd that bound entangled states are unstable in the limit of
innite time.
PACS numbers: 03.65.Yz, 03.67.Mn, 03.65.Ud, 03.67.Pp
I. INTRODUCTION
Entanglement is not only a remarkable feature whih
distinguishes the quantum world from the lassial one
but also a key resoure to realize high-speed quantum
omputation and high-seurity quantum ommuniation
[1℄. In realisti quantum-information proessing, entan-
glement usually needs to be prepared or distributed be-
forehand among dierent remote loations. However, in
the proess of entanglement distribution the quantum
systems are not isolated and eah system will unavoid-
ably interat with the environment. This leads to loal
deoherene whih will degrade the entanglement of the
shared states. It is thus of fundamental importane to
study the entanglement properties under the inuene of
the loal deoherene. In this ontext, Yu and Eberly
[2℄ investigated the time evolution of entanglement of a
bipartite qubit system undergoing various modes of de-
oherene. Remarkably, they found that, although it
takes innite time to omplete the deoherene loally,
the global entanglement may vanish in nite time. The
phenomenon of nite-time disentanglement, also named
entanglement sudden death(ESD), unveils a fundamental
dierene between the global behavior of an entangled
system and the loal behavior of its onstituents under
the eet of loal deoherene. Clearly, ESD puts an limit
on the appliability of entangled states in the pratial
quantum information proessing.
Initially, Yu and Eberly reported the ESD for two-
qubit entangled states, but this eet is not limited to
suh ase. Further investigations in a wider ontext
inluding higher dimensional Hilbert spaes have been
made by various groups [3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13,
14, 15, 16, 17, 18, 19℄. There are also a number of studies
looking at ESD in more ompliated systems using other
entanglement measures [20, 21, 22, 23, 24, 25, 26, 27℄,
∗
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and an attempt to give a geometri interpretation of the
phenomenon has also been made [28℄. In addition, exper-
imental evidenes of ESD have been reported for optial
setups [29℄ and atomi ensembles [30℄.
However, all previous studies omitted an important
fat that high dimensional bipartite entangled states an
be divided into two lasses [31℄. One is free, whih
means that the state an be distilled under loal oper-
ations and lassial ommuniation (LOCC); the other
is bound, whih means that no LOCC strategy is able
to extrat pure-state entanglement from the state even
if many opies are available. Bound entanglement(BE)
annot be used alone for quantum information proess-
ing, and irreversibility ours in asymptoti manipula-
tions of entanglement for all BE states[32℄. Sine it was
onstruted from a pure mathematial point of view, we
may ask whether BE an appear in physially relevant
quantum systems naturally. Very reently a few works
have addressed this question [33℄. Their results suggest
that dierent many-body models present thermal bound
entangled states.
In this paper, we investigate the problem from a very
dierent viewpoint, i.e., in the present of loal deoher-
ene, whih is one of the dominant noises during the
distribution of entanglement. Analogous to the deni-
tion of ESD, if an initial free entangled state beomes
non-distillable in nite time under the inuene of loal
deoherene, then we say that it undergoes distillabil-
ity sudden death(DSD). Note that when a free entangled
state loses its distillability at a spei time, it may still
be entangled sine we annot exlude the existene of
BE. So far, it is not lear whether bipartite bound en-
tangled states an be reated from free entangled states
under loal deoherene proess naturally. The rst aim
of this paper is to show that suh a proess indeed exists
through an expliit qutrit-qutrit example.
Afterwards we propose the DSD-free state, whih has
entanglement robust against loal deoherene. Suh
entangled states are thus useful resoures for pratial
quantum-information proessing. So the seond aim is
to address the DSD-free state. We develop a few
2temati approahes to build DSD-free states. Finally we
will show that dierent from free entangled and separa-
ble states, no PPT bound entangled states exist in the
innite time limit.
The paper is organized as follows. In Se. II, the idea
of DSD is presented. In partiular, we show the phe-
nomenon of DSD through a spei qutrit-qutrit exam-
ple. In addition, we show that one an avoid the sudden
death of distillability by performing a simple loal unitary
operation on the initial state. Furthermore, we ompare
the behaviors of states aeted by deoherene in terms of
the Bures delity. In Se. III, we develop some methods
to build DSD-free states whih an protet free entangle-
ment under general loal dephasing noise. We also show
that no PPT entangled states an exist in the limit of
innite time. Finally, in Se. IV we disuss some open
questions and also give a summary of our results.
II. QUTRIT-QUTRIT DSD STATES UNDER
LOCAL DECOHERENCE
Before disussing dynamial proess of entanglement,
we briey review how to haraterize bound entangled
states. It was proven in [31℄ that a quantum state with
a positive partial transposition(PPT) is non-distillable
under LOCC. Therefore PPT entangled states must be
bound entangled states [34℄. To verify them, one an use
the so-alled realignment riterion (ross-norm riterion)
[35℄. The denition of realignment on the density matrix
is given by
(
ρR
)
ij,kl
= ρik,jl. A separable state ρ always
satises
∥∥ρR∥∥ ≤ 1. For a PPT state ρ, the positive value
of the quantity
∥∥ρR∥∥− 1 an hene verify that it is a
bound entangled state.
The system we study onsists of two noninterating
qutrits in two independent loal environments, eah ou-
pling to one of the qutrits. Here the qutrit is a three-
dimensional state omposed of the omputational basis
|0〉, |1〉, and |2〉. Besides, we take the weak loal de-
phasing noise to model the environment, suh noise is
indeed one of the main deoherene soures in solid-state
systems.
The general time-evolved density matrix expressible
in the operator-sum deomposition is the ompletely
positive trae preserving map [36℄ ρ (t) = ε (ρ (0)) =∑
µK
†
µ (t) ρ (0)Kµ (t). The operators {Kµ (t)} represent-
ing the inuene of statistial noise satisfy the omplete-
ness ondition
∑
µKµ (t)K
†
µ (t) = I whih guarantees
that the evolution is trae-preserving[1℄. In our model,
the operators are of the form Kµ(t) = Dj(t)Ei(t) suh
that
ρ (t) = E (ρ (0)) =
2∑
i,j=1
D
†
j (t)E
†
i (t) ρ (0)Ei (t)Dj (t) .(1)
Here, Ei(t) andDj(t) orrespond to loal dephasing noise
omponents ating on the rst and seond qutrits, re-
spetively, and both operators satisfy the ompleteness
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FIG. 1: (Color online). The eigenvalue λ1 as a funtion of
time t and dephasing rate Γ for two dierent ases: (a)α =
4.5; (b)α = 4.9. Figures () and (d) orrespond to the ontour
plots of the upper one, respetively.
onditions. For simpliity, we rst take these to be of the
spei forms [14℄
E1(t) = diag(1, γA, γA)⊗ I3 ,
E2(t) = diag(0, ωA, ωA)⊗ I3 ,
D1(t) = I3 ⊗ diag(1, γB, γB) ,
D2(t) = I3 ⊗ diag(0, ωB, ωB) ,
where I3 is the 3 × 3 identity matrix,
γA (t) = e
−ΓAt/2, γB (t) = e−ΓBt/2, ωA (t) =√
1− γ2A(t), and ωB (t) =
√
1− γ2B(t).
For onreteness, we illustrate our ideas by onsidering
the following qutrit-qutrit state,
ρ (0) =
2
21
(|01〉+ |10〉+ |22〉) (〈01|+ 〈10|+ 〈22|)
+
α
21
(|00〉 〈00|+ |12〉 〈12|+ |21〉 〈21|)
+
5− α
21
(|11〉 〈11|+ |20〉 〈20|+ |02〉 〈02|) (2)
with 4 < α ≤ 5. In fat, it is straightforward to prove
that the state ρ (0) is free entangled. By using the lo-
al operation (|0〉 〈0|+ |1〉 〈1|)⊗(|0〉 〈0|+ |1〉 〈1|), one an
onverts ρ (0) into a 2 ⊗ 2 entangled state, whih is af-
terwards distillable by virtue of the BBPSSW-Horodeki
protool [37℄. So the state ρ (0) is a free entangled state
and we take it as the initial state under the loal dephas-
ing noise in Eq. (1). This evolution an be alulated
analytially, i.e., at time t the two-qutrit density opera-
tor ρ(t) reads
3

α
21 0 0 0 0 0 0 0 0
0 221 0
2
21γAγB 0 0 0 0
2
21γA
0 0 5−α21 0 0 0 0 0 0
0 221γAγB 0
2
21 0 0 0 0
2
21γB
0 0 0 0 5−α21 0 0 0 0
0 0 0 0 0 α21 0 0 0
0 0 0 0 0 0 5−α21 0 0
0 0 0 0 0 0 0 α21 0
0 221γA 0
2
21γB 0 0 0 0
2
21


,
(3)
where the basis are spanned by
{|00〉 , |01〉 , |02〉 , |10〉 , |11〉 , |12〉 , |20〉 , |21〉 , |22〉}.
Let us analyze the matrix arefully. There are three
eigenvalues of the partial transposition of the state ρ (t)
whih ould be negative, namely λ1 = f (ΓA) , λ2 =
f (ΓB) , and λ3 = f (ΓA + ΓB), where f (λ) =
e−λt
882
(
105eλt −
√
11025e2λt + 1764eλt (4− 5αeλt + α2eλt)
)
.
For simpliity, we hoose the loal asymptoti dephasing
rates ΓA = ΓB = Γ, and thus λ1 = λ2 < λ3 in the follow-
ing arguments. In order to have a vivid illustration, in
Fig. 1 we plot λ1 as a funtion of t and Γ with spei
α = 4.5 and α = 4.9, respetively. Fig.2(a) shows the
value of λ1 versus t for dierent deoherene rates with
α = 4.5, and we an see that the eigenvalue of the partial
transposition of the state ρ(t) will always arrive at a
positive value in nite time. For example, if we hoose
Γ = 1, the density matrix ρ(t) will beome a PPT state
after time t ≈ 0.58 in Fig.2(a). Analytially, the time at
whih ρ(t) beomes a PPT state is td =
1
Γ ln
4
α(5−α) .
Next, we use realignment to verify the BE in
this evolution. To this end, we need to om-
pute the quantity
∥∥ρ(t)R∥∥ − 1, and it is given by
2
21e
−Γt
(
2 + 4e
1
2
Γt +
(−7 +√19− 15α+ 3α2) eΓt). In
order to make a omparison, we plot
∥∥∥ρ (t)R∥∥∥ − 1 as
a funtion of time t by hoosing α = 4.5 and Γ = 1
in Fig.2(b). We an see that if t < 0.84, the value of∥∥∥ρ (t)R∥∥∥ − 1 is always positive, whih indiates that in
the range 0.58 < t < 0.84, the two-qutrit system is a
bound entanglement state. Thus we have shown that
free initial entangled states an evolve into non-distillable
(bound)entangled states in nite time under the loal ex-
ternal asymtoti dephasing noise.
Besides we nd that with α = 4.5 and Γ = 1, the
state ρ(t) will be separable when t > 1.39. It ould
be proved by extrating three "2× 2" density operators,
whih are respetively spanned by {|00〉 , |01〉 , |10〉 , |11〉},
{|01〉 , |02〉 , |21〉 , |22〉} and {|10〉 , |12〉 , |20〉 , |22〉}, from
the state ρ(t). Then one an nd out that the ondi-
tion t > 1.39 makes the three states separable. As the
state ρ(t) is atually the linear ombination of the above
three states and some produt states, ρ(t) also beomes
separable when t > 1.39. Nevertheless, there is still a
small window t ∈ [0.84, 1.39] in whih the state ρ(t) has
merely PPT and we don't know whether it's entangled
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FIG. 2: (a)The eigenvalue λ1 versus time t for dierent de-
phasing rates. The solid, dash-dotted, and dashed lines or-
respond to Γ = 1,Γ = 0.7, and Γ = 0.4, respetively. (b)
The quantity
‚
‚
‚ρ (t)
R
‚
‚
‚ − 1 versus time t for Γ = 1. The other
parameter α = 4.5.
or separable.
To summarize the example, start from the initial state
ρ(0) in 4 < α ≤ 5 the qutrit-qutrit state ρ(t) will ex-
periene three phases under the loal dephasing noise in
Eq.(1): it evolves from an initial distillable entangled
state to a PPT entangled state, and then hanges to be a
separable state and nally remains in this phase for even.
In other word, ρ(t) rst experienes DSD and then ESD
under loal deoherene.
In ontrast with the above example, we briey onsider
the initial state ρ(0) for 3 < α ≤ 4. In this ase, it is a
PPT entangled state [38℄, one an verify that the state
ρ(t) will nally beome separable in nite time under
the loal dephasing noise in Eq.(1); that is, ρ(t) only
experienes ESD. Moreover, we an easily verify the time-
domain fatorization relation as follows,
St1+t2 = St1St2 , (4)
where t1, t2 ≥ 0, and S denotes the noise in Eq.(1). Be-
ause the entanglement annot inrease under the loal
operations, we onlude that if a state beomes separable
at a spei time in Eq.(1), it must remain separable in
all subsequent time. More generally, if an entangled state
evolves into a PPT state (either entangled or separable)
at a spei time in Eq.(1), it always has PPT for all
subsequent time sine the loal operation annot hange
PPT.
Of ourse, suh disappearane of distillability in nite
time an seriously aet the appliation of entangle-
ment in quantum information tasks. An important
question arises naturally: given a free initial entangled
state, does there exist a suitable intervention that may
alter the nal fate of DSD? In the following we show
that one an realize this aim by merely performing
a simple loal unitary operation on the initial state
in the above example. Let the initial loal operation
be U = I3 ⊗ λ, with λ = |0〉 〈1| + |1〉 〈0| + |2〉 〈2|.
4Then, the transformed state is ρ′ (0) = Uρ (0)U † =
2
7P+ +
α
7 ρ+ +
5−α
7 ρ−, where the projetors are
P+ = |Ψ+〉 〈Ψ+| , |Ψ+〉 = 1√3 (|00〉+ |11〉+ |22〉) , ρ+ =
1
3 (|01〉 〈01|+ |12〉 〈12|+ |20〉 〈20|) , ρ− =
1
3 (|10〉 〈10|+ |21〉 〈21|+ |02〉 〈02|) .
Evidently, the states ρ′ (0) and ρ (0) are equally use-
ful quantum resoures without deoherene. In Ref.[38℄,
Horodeki demonstrated that ρ′ (0) is a free entangled
state for 4 < α ≤ 5. It will evolve into ρ′ (t) aording
to Eq.(1), whose partial transpose always has a negative
eigenvalue in nite time t. So ρ′ (t) never experienes
ESD when subjeting only to the loal dephasing noise
in Eq.(1). Furthermore, the state ρ′ (t) does not undergo
DSD in nite time. To see this, we perform the loal op-
eration (|1〉 〈1|+ |2〉 〈2|)⊗ (|1〉 〈1|+ |2〉 〈2|) on ρ′ (t). The
resulting two-qubit state is easily proved to be entangled
and hene distillable in nite time t. So the state ρ′ (t)
an always be distilled under the loal dephasing noise.
By far we have onsidered DSD in the presene of
loal dephase noise. Another useful physial quantity
in quantum-information problems is the delity, whih
measures to what extent the evolved state is lose to
the initial one. For onreteness, we study the states
ρ(t) and ρ′(t) by means of the Bures delity [39℄. The
Bures delity of states ρ and σ is dened as F (ρ, σ) =[
tr
(√√
ρσ
√
ρ
)]2
. For the state ρ (t), the delity is given
by
F ρ (t) =
[
1
21
(
15 +
√
6e−Γt
(
1 + 2eΓt +
√
1 + 8eΓt
))]2
,
(5)
while for ρ′ (t) it reads
F ρ
′
(t) =
[
1
21
(
15 +
√
18 + 6
√
1 + 8e−2Γt
)]2
. (6)
Eq.(5) and Eq.(6) indiate that the delities do not de-
pend on the oeient α. In Fig.3, we plot F ρ (t) and
F ρ
′
(t) as the funtion of t with Γ = 1. Obviously,
the delity F ρ
′
(t) is always larger than F ρ (t), whih
means that ρ (t) degrades faster than ρ′ (t). In the innite
time limit, the values of F ρ
′
(t) and F ρ (t) will approah
to
[
1
21
(
15 + 2
√
6
)]2
and
[
1
21
(
15 + 2
√
3
)]2
, respetively.
Thus, we have shown that ρ′ (t) have the advantages over
ρ (t) in two aspets: Firstly, it does not experiene DSD
in nite time. Seondly, its delity deays slower than
that of ρ (t) for all time.
III. CONSTRUCTION OF DSD-FREE STATES
In the last setion we have presented the examples of
qutrit-qutrit states with and without DSD. We all the
latter as DSD-free states, whih always have negative
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FIG. 3: The delity versus time t for dierent initial states.
The solid and dashed lines orrespond to F ρ (t) and F ρ
′
(t)
with Γ = 1, respetively.
partial transposition (NPT). NPT is a neessary ondi-
tion for distillability under LOCC, so the DSD-free states
are available resoure for quantum-information tasks as
they have robust entanglement against loal dephasing
noise desribed in Eq.(1). It is thus worth nding out di-
verse DSD-free states in terms of dierent kinds of loal
dephasing noises. In this sense, DSD-free states deserve
storage in quantum-information "warehouse" and they
are more useful than DSD states. On the other hand,
one an also diretly propose shemes of quantum infor-
mation proessing based on the robustness of DSD-free
states.
We now turn to develop several approahes to on-
strut DSD-free states for an arbitrary qutrit-qutrit state
σ. As a diret method, we an loally projet a few opies
of the state σ(t) onto some 2 ⊗ N(N ≥ 2) states. Suh
states are distillable (DSD-free) under LOCC, if and only
if they have NPT in nite time [37℄. Generally, it's dif-
ult to nd out the projetors and there have been a
few results on this problem [34, 40, 41℄. Here we only
investigate one opy of σ(t) under the dephasing noise
desribed in Eq.(1). For example:
Lemma 1. Consider an NPT entangled state
σ(0) and it experienes the loal dephasing noise
in Eq.(1). Then σ(t) is always distillable in -
nite time, when
∑2
i=1D
†
2 (t)E
†
i (t)σ (0)Ei (t)D2 (t) or∑2
i=1D
†
i (t)E
†
2 (t)σ (0)E2 (t)Di (t) is entangled.
Proof. One an get the above given state by projet-
ing σ(t) with the projetor D2 (t) on system A or E2 (t)
on system B respetively (both projetors atually have
nothing to do with time t when separately used as oper-
ators). Sine the given state is a distillable qubit-qutrit
entangled state, the assertion follows from [37℄. It's in-
teresting to note that the given state is just the sum of
the third and fourth terms in Eq.(1). 
Lemma 1 atually requires to hek the PPT of some
6× 6 matries depending on time t, whih ould be done
by using Mathematis. This is a systemati way to build
the subspae of robust entangled states that never expe-
riene DSD in Eq. (1). To show the onnetion between
the last setion and lemma 1, we propose a weak version
of lemma 1 as follows.
Lemma 2. Suppose D
†
2 (t)E
†
2 (t)σ (0)E2 (t)D2 (t) are
5entangled, then the states σ(0) are DSD-free states in
loal dephasing noise Eq.(1).
Proof. The state
∑2
i=1D
†
2 (t)E
†
i (t)σ (0)Ei (t)D2 (t) is
entangled when D
†
2 (t)E
†
2 (t)σ (0)E2 (t)D2 (t) is entan-
gled. The assertion then follows from lemma 1. 
One may see that the state ρ′(0) in the previ-
ous setion belongs to the ase of lemma 2. The
advantage of lemma 2 is that the density operators
D
†
2 (t)E
†
2 (t)σ (0)E2 (t)D2 (t) do not ontain time t and
are onvenient for alulation. This result is reasonable
for the loal dephasing noise desribed in Eq.(1) whih
ours only between the ground state i = 0 and the ith
(i = 1, 2) exited state.
The model in Eq.(1) is neither the simplest ase of loal
dephasing nor the most general ase. In the most gen-
eral ase dephasing ours between all loal basis states
within eah subsystem. In what follows we put forward
some results under suh general loal dephasing noise
[14℄.
Lemma 3. Qutrit-qutrit entangled MC states are
DSD-free states in general loal dephasing noise.
Proof. Let us onsider the qutrit-qutrit maximally or-
related (MC) states σMC(0), whih read [42℄
σMC(0) =
2∑
i,j=0
aij |ii〉〈jj| . (7)
We make it go through the hannel of general loal de-
phasing noise. As we know, suh noise annot hange the
diagonal elements and the non-diagonal elements of the
evolved state have non-zero dephasing values for any -
nite time. So the evolved state σMC(t) is still a MC state.
On the other hand, the MC state is separable if and only
if all non-diagonal entries are zero. Then σMC(t) is al-
ways entangled for all nite t whenever the initial state
σMC(0) is entangled. Furthermore, one may prove that
σMC(t) an always be distillable by using the similar ar-
gument to show the distillability of the state ρ′ (t) in the
previous setion. 
This example enlightens us on building DSD-free en-
tangled states in a stronger way, i.e.,
Lemma 4. We perform the loal operation
(|i〉 〈i|+ |j〉 〈j|)⊗(|m〉 〈m|+ |n〉 〈n|) on any initial qutrit-
qutrit state, where i, j,m, and n are hosen from the basis
0, 1 and 2, respetively. If the projeted state is an en-
tangled MC state, then the initial state is a DSD-free
state in general loal dephasing noise. 
One an prove lemma 4 by showing that there are al-
ways some nonzero non-diagonal entries of the projeted
state, and we an take it as the new initial state in the
loal dephasing noise. Evidently, the newly built state in
lemma 4 ontains MC states in lemma 3.
These results an be extended to the senario of higher
dimension. For simpliity, we onsider the general MC
state σ′MC(0) =
∑d−1
i,j=0 aij |ii〉〈jj|. Suppose it experi-
enes generalized loal dephasing noise. Analogous to the
arguments for lemma 3, one an see that the state σ′MC(t)
also has no DSD in nite time. Thus we have provided a
high dimensional subspae {|00〉, |11〉, , ..., |d− 1, d− 1〉}
in whih all entangled states are distillable under loal
dephasing noise; that is,
Lemma 5. Entangled MC states are DSD-free states
in general loal dephasing noise. 
One an also build other higher dimensional DSD-free
states, whih ould be loally projeted onto entangled
MC states by following the tehniques for lemma 4. As a
short summary, lemma 1 to 5 give a few primary results
on DSD-free states in nite time, in terms of the spe-
ial dephasing noise Eq.(1) and general dephasing noise
respetively.
To gain a better understanding of the entanglement
dynamis, we further study the properties of the evolved
state in the innite-time limit, whih is summarized as
the following lemma.
Lemma 6. For any qutrit-qutrit state under the de-
phasing noise in Eq.(1), the nal evolved state ould be
separable or eternally distillable in the innite-time limit,
but no PPT entangled sate an exist as time goes to in-
nity.
Proof. Let us briey justify the above statement.
Consider an arbitrary qutrit-qutrit state σ under the
ation of an innite time of loal dephasing, then the
nal state σ (t) an always be written as: a |00〉 〈00| +
|0〉 〈0| ⊗ (b |1〉 〈1|+ c |1〉 〈2|+ c∗ |2〉 〈1|+ d |2〉 〈2|) +
(e |1〉 〈1|+ f |1〉 〈2|+ f∗ |2〉 〈1|+ g |2〉 〈2|) ⊗
|0〉 〈0| + (|1〉 〈1|+ |2〉 〈2|) ⊗
(|1〉 〈1|+ |2〉 〈2|) ρ (0) (|1〉 〈1|+ |2〉 〈2|)⊗ (|1〉 〈1|+ |2〉 〈2|).
There are four terms in all, and eah of them orresponds
to one of the terms in Eq.(1), respetively. Note that
the rst three terms ould be removed by the loal
operator (|1〉 〈1|+ |2〉 〈2|) ⊗ (|1〉 〈1|+ |2〉 〈2|) and it does
not hange the fourth term. So the evolved state σ (t)
is entangled if and only if the fourth term is entangled.
It immediately implies that the state σ (t) ould be
separable or eternally NPT and distillable in the innite
time limit. As we have seen in the previous setions,
both ases also exist in nite time's evolution. Sine the
entanglement property of the evolved state is determined
by the two-qubit state, then we onlude that any PPT
entangled state is unstable as time goes to innity under
the loal dephasing noise in Eq.(1). In ontrast, it's
still an open question whether there always exists PPT
entangled state in nite time's evolution. 
IV. DISCUSSIONS AND CONCLUSIONS
Before onluding we would like to disuss some open
questions as follow:
Firstly, the initial state in our sheme is a free entan-
gled state. We have shown that it may evolve into a PPT
entangled state and then a separable state for nite time;
it may also be eternally free entangled for all nite time in
the loal dephasing noise desribed by Eq.(1). We have
also shown that any qutrit-qutrit PPT entangled state
6will lose its entanglement as time goes to innity in our
deoherene model. Then an open question is whether
PPT entanglement an be preserved in any nite time
under (general) loal dephasing noise? If the answer is
no (supported by the alulation in Se.II), then we have
another interesting dierene between the free and bound
entangled state: that is, the former an be robust against
the deoherene in any time while the latter annot.
Seondly, we have proposed a few systemati methods
to build DSD-free subspaes for 3 ⊗ 3 state, in whih
all states keep their distillability asymptotially in loal
dephasing noise. The primary extension to higher di-
mensional bipartite system has also been proposed. It's
then an open question to nd out more entangled states
whih are robust against dierent loal noises (beyond
our model) in any dimensional spae. Suh states are
appliable to quantum information shemes and thus de-
serve a deeper study.
In summary, we have introdued the onept of DSD
through an expliit qutrit-qutrit state. We found that un-
der the bi-loal dephasing noise, the free entangled state
may evolve into a PPT entangled state (DSD) and then
beome separable (ESD) permanently. Moreover, a sim-
ple loal unitary operation on the initial state an avoid
the sudden death of distillability. We also have ompared
the ation of DSD and DSD-free states in terms of the
Bures delity. Next, we have proposed the systemati
methods of building the DSD-free spae against deoher-
ene, so that the evolved states are distillable in nite
time. Finally, we proved that there is no PPT entangled
state in innite-time limit in our model. Our results im-
ply that further study on free entanglement with time
evolution in pratial loal noises is required.
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